Abstract. In this paper we prove some of the results in [13, §3.3] by using a different approach. We show that the moduli space M (r, n) of framed torsion-free sheaves on P 2 admits a Bia lynicki-Birula decomposition determined by the torus action. Using this decomposition we prove that M (r, n) is homotopy equivalent to an irreducible invariant proper subvariety having the same fixed points set.
Introduction
The decomposition of algebraic varieties determined by a torus action was introduced in [1] for non-singular complete varieties acted on algebraically by a torus with a nonempty fixed points set. These decompositions are often referred to as the Bia lynicki-Birula decompositions. In [11] Konarski generalizes the results of Bia lynicki-Birula to the case of a complete normal variety and in addition he addresses the case of non-normal varieties.
Bia lynicki-Birula's decompositions play an important role in the study of topological properties of moduli spaces acted on by a torus. In the present paper we study some of these properties for the moduli space M(r, n) of framed torsion-free sheaves on P 2 of rank r and second Chern class n.
In section 2 we review some results on the moduli space M(r, n) studied in [12, 13, 14] . This moduli space admits a projective morphism to the moduli space M 0 (r, n) of ideal instantons on S 4 . Both M(r, n) and M 0 (r, n) admit a torus action under which the projective morphism from M(r, n) to M 0 (r, n) is equivariant. It is possible then to define a subvariety π −1 (n[0]) of M(r, n) which is invariant under the torus action. We prove this subvariety is irreducible using the fact that it is isomorphic to the punctual quot scheme.
In section 3 we will review some results of Bia lynicki-Birula [1, 2] and translate them to the case of quasi-projective varieties under the assumption that the limits exist (Section 3.2).
Following the results of section 3, we show in section 4 that M(r, n) admits a Bia lynickiBirula plus-decomposition and the union of the minus-cells builds up π −1 (n[0]). Moreover, these decompositions are filtrable.
In section 5 we show that the inclusion of π −1 (n[0]) into M(r, n) induces isomorphisms of homology groups with integer coefficients. Furthermore, we show that this inclusion induces a homotopy equivalence between M(r, n) and π −1 (n[0]). Hence we recover Theorem 3.5(2) in [13] using the Bia lynicki-Birula decompositions. Since the moduli space is smooth, this homotopy equivalence was proved by Nakajima and Yoshioka using techniques from differential topology.
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2. Generalities on the moduli space of framed torsion-free sheaves on the projective plane
Most of the material in this section can be found in [12, 13, 14] . Let M(r, n) be the moduli space of framed torsion free sheaves on P 2 with rank r and second Chern class n.
E is a torsion free sheaf on P 2 of rank r, c 2 (E ) = n which is locally free in a neighborhood of ℓ ∞ .
φ :
⊕r ℓ∞ framing at infinity.
} is the line at infinity and ∼ = denotes the isomorphism of framed sheaves. We say two framed sheaves (E , φ), (E ′ , φ ′ ) are isomorphic if there exists an isomorphism ψ : E → E ′ such that the following diagram commutes
is known to be a nonsingular quasi-projective variety of dimension 2nr. Let M reg 0 (r, n) ⊂ M(r, n) be the open subset of locally free sheaves. We define the Uhlenbeck (partial) compactification of M reg 0 set theoretically as follows
where Sym k C 2 is the k-th symmetric product of C 2 . We recall that there exists an isomorphism
where
M 0 (r, n) can be endowed with a scheme structure by the following description
where / / denotes the GIT quotient and the open locus M reg 0 (r, n) consists of the closed orbits such that the stabilizer is trivial.
The moduli spaces M(r, n) and M 0 (r, n) are related by the following projective morphism
where Eˇˇis the double dual of E and Supp(Eˇˇ/E ) is the topological support of Eˇˇ/E counted with multiplicities. 2 that is the point 0 ∈ C 2 counted n times. The inverse image of n[0] by π is defined as follows
) is a compact subvariety of M(r, n) since π is proper.
Before getting to the proof of this theorem, we shall prove the following lemma Lemma 2.2. Let X be a smooth projective surface and let 0 −→ F −→ F ′ −→ Q −→ 0 be an exact sequence of sheaves of O X -modules where F is torsion free, F ′ is reflexive (equivalently locally free since every reflexive sheaf on a surface is locally free) of the same rank and Q is zero dimensional; then F ′ ∼ = Fˇˇ.
Proof. Dualizing the exact sequence 0
Note that H om(Q, O X ) = 0, and E xt 1 (F , G ) = 0 for any coherent sheaf G , where F is locally free [8, Chap. III, Ex. 6.5(a)], in particular E xt
where 
Proof of theorem 2.1. Given a point in
K is torsion free since it injects into a locally free sheaf. By using Lemma 2.2, it follows that Kˇˇ≃ O ⊕r P 2 . Notice that Q is supported on the point 0 ∈ P 2 so it vanishes on P 2 \ {0}. In particular, Q| ℓ∞ vanishes and the exact sequence reduces to 2.1. The Torus action. We will follow the same notations as in [13] . Let T := C * ×C * ×T where T is the maximal torus in GL(r, C). The action of T on M(r, n) is defined as follows. For (t 1 , t 2 ) ∈ C * × C * let F t 1 ,t 2 be the automorphism of P 2 defined by
and for (e 1 , . . . , e r ) ∈ T let G e 1 ,...,er be the isomorphism of O ⊕r ℓ∞ defined by G e 1 ,...,er (s 1 , . . . , s r ) := (e 1 s 1 , . . . , e r s r ).
Then the action of T on a pair (E, Φ) ∈ M(r, n) is defined by
where Φ ′ is given by:
The T action is defined in a similar way on M 0 (r, n) and the map π :
One can define the torus action on M(r, n) and M 0 (r, n) using the description (1) [14, lemma 2.8] as follows
where t 1 , t 2 ∈ C * and e = (e 1 , e 2 , . . . , e r ) ∈ C r . This action preserves the conditions (i) and (ii) in (1) and commutes with the action of GL(r, C).
Theorem 2.4 ([14, Proposition 2.9]).
(1) The fixed points set M(r, n) T consists of finitely many points.
Remark 2.5. From Theorem 2.4(2) it follows that π −1 (n[0]) contains all the fixed points of M(r, n) since π is equivariant.
Decomposition of a variety determined by an action of a torus
Let X be a non-singular algebraic variety (not necessarily complete) over C and let C * be the multiplicative group. Assume C * acts algebraically on X with a non-empty fixed points set X C * . Let F 1 , . . . , F s be the connected components of X C * . For any x ∈ X, one has the orbit morphism
3.1. Case of complete varieties. When X is complete the morphism (4) extends to
defining the limits φ x (0) = lim t→0 t · x and φ x (∞) = lim t→∞ t · x, see [2] . Let us define the following subsets of X
These form a decomposition of X into subspaces 
Hence a filtrable decomposition implies that for each i X
Notice that (5) also holds for the minus decomposition. Example 3.4. Let X = P l with the following C * -action ω :
The fixed points set of this action is given by (P 
This decomposition is filtrable. Indeed P l has a filtration
Similarly, one can define the Bia lynicki-Birula minus-decomposition of P l .
3.2.
Case of non-complete varieties. Suppose X is not complete and lim t→0 t · x exists for every x ∈ X. In this case, the morphism (4) extends to C Now suppose X as above is quasi-projective and the fixed points set is finite. The cells of the decomposition are isomorphic to affine spaces by Theorem 3.1. Under these assumptions the following theorem holds. Proof. According to [16, Theorem 1] there exists an equivariant projective embedding X → P l for some l. Consider the action of C * on P l with a finite set of fixed points (P l ) C * = {x 1 , . . . , x q }. Let {P j } be the Bia lynicki-Birula plus-decomposition of P l . Then the fixed points set of X is the intersection X C * = (P l ) C * ∩ X = {x σ(1) , . . . , x σ(q) } and the cells of the decomposition are X + σ(j) = X ∩ P j . Since the decomposition {P j } is filtrable let
where X σ(j) := (X ∩ Y j ) for j = 1, . . . , q and X σ(j+1) ⊂ X σ(j) . Notice that for all j, X σ(j) = X ∩ Y j ⊂ X is a closed subvariety of X since Y j is a closed subvariety of P l . It follows that the plus-decomposition of X is filtrable.
Remark 3.6. Theorem 3.5 is also true in the case the fixed points set is not finite. The proof is basically the same. The same holds if instead of considering the existence of the limit lim t→0 t · x, one considers the existence of the limit lim t→∞ t · x.
If we have an action of an n-dimensional torus the Bia lynicki-Birula decompositions enjoy the same properties as above by the following lemma.
Lemma 3.7. Suppose X is a normal algebraic variety endowed with a linear action of a torus T. Suppose the T -action gives rise to a nontrivial set of fixed points X T . Then there exists a one-parameter subgroup λ ∈ Y (T ) such that X λ = X T .
Remark 3.8. Such a one-parameter subgroup is called regular.
Proof. By [16, Corollary 2] X can be covered by a finite number of affine T -invariant open subsets. So we may assume that X is affine hence a closed subvariety of A l for some l. Since the torus T acts linearly on A l we will assume X = A l . Call the weights of T in A l by χ 1 , . . . , χ l , then it is enough to choose a one-parameter subgroup λ such that < χ i , λ > = 0 for all i.
Decompositions of M(r, n) and π −1 (n[0]) determined by the torus action
In this section, following the results of section 3 we show that both M(r, n) and π −1 (n[0]) admit a filtrable Bia lynicki-Birula decomposition. It is enough to consider the action of a regular one-parameter subgroup by Lemma 3.7. From now on we will consider the action of C * on M(r, n) and on π −1 (n[0]).
Proposition 4.1. For every element x ∈ M(r, n), the limit lim t→0 t · x exists and lies in M(r, n) C * .
Proof. Using the description (2) of M 0 (r, n), there exists a one-parameter subgroup of T such that for all x in M 0 (r, n), the limit lim t→0 t · x exists and is (B 1 , B 2 , i, j) = (0, 0, 0, 0). The point (B 1 , B 2 , i, j) = (0, 0, 0, 0) is identified by the description (2) with the point n[0] ∈ S n C 2 which is the only fixed point of M 0 (r, n). Since π is a projective morphism, for all x in M(r, n) the limit lim t→0 t · x exists and lies in π −1 (n[0] ). In particular, it is a fixed point. Theorem 4.2. M(r, n) admits a Bia lynicki-Birula plus-decomposition into affine spaces. Moreover, this decomposition is filtrable.
Proof. By Proposition 4.1, the limit lim t→0 t · x exists and is a fixed point. It follows that the orbit morphism
where φ ′ x (0) := lim t→0 t · x. Hence M(r, n) admits a Bia lynicki-Birula decomposition into affine spaces by Theorem 3.1. This decomposition is filtrable by Theorem 3.5 since M(r, n) is quasi-projective.
. . , m} and denote the cells of the decomposition by
The limit lim t→∞ t · x does not exist for all x ∈ M(r, n). We will only consider the points of M(r, n) such that the limit exists. These points define the subspaces [16, Lemma 8] it follows that for any x ∈ M(r, n) there exists an equivariant embedding of some neighborhood of x into P l . Hence for any
there exists an equivariant embedding of some neighborhood of x into P l by composition since π −1 (n[0]) has an equivariant embedding into M(r, n). Thus the results of [11, §1] hold for π −1 (n[0]).
Topological properties
Let J = {1, 2, . . . , m} be the set of indices so that the fixed points set X C * = {x j | j ∈ J} be ordered to yield the following filtrations
. Define the subsets M Proof. We prove the assertion by using the filtration (6) . 
Proof. We prove the theorem by induction on j. 
where the arrows are induced by inclusions. The second arrow is an isomorphism by the induction hypothesis.
. This follows from (5) by reversing the order of the inequality to meet that of the filtration (7) . From [9, Proposition 2.22] 
is isomorphic to an affine space so it is isomorphic to N |x j+1 , the normal bundle to Since the point x j+1 is the deformation retract of M + j+1 then N deformation retracts to N x j+1 , the fibre of N at x j+1 . Moreover, N x j+1 is a deformation retract of N |x j+1 . It follows that H k (T (N |x j+1 ), p) ∼ = H k (T (N x j+1 ), p) and hence H k (M 
